DOCUMENT RESUME 



ED 218' 078 

AUTHOR ' " 
TITLE 



SE 037 816 



INSTITUTION 
SPONS AGENCY 
PUB DATE 
GRANT 
NOTE 

EDRS PRICE 
DESCRIPTORS * 



IDENTIFIERS 



Maynard, James M% . 

A' Linear Programming Model', fop Scheduling Prison 
Guards. Applications of Linear Programming to 
Operations Research. Modules and Monographs', in 
Undergraduate Mathematics and Its. Applications 
Project. UMAP Module 272. ' ■ 

Education Development Center, Inc., Newton, Mass. 
National Science Foundation, Washington,' D.C. 
80 ' 
SED-76-19615-A02 

39p. ' j. 



MF01 Plus' Postage. PC Not Available from EDRS. 
College Mathematics; Higher, Education; Instructi 
aterials; *Le'arning. Modules; *Linear Programing; 



* 

'Mat 



onal 



♦Mathematical Applications; *Mathematical Models; 
Models; Operations Research; Problem Solving; 
Supplementary Reading Materials 
*Linear Models * " 



ABSTRACT 
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1. /HISTORY OF THE PROBMffl 

LU Introduction 

* ^ 

. This paper -describes a work-pchedGling model for 
Corrections Officers (primarily prison guards) at State v 
Correctional Institutions (state prisons). This is a real- 
life model that was^developed to £%al with a very r^al 
problem: unacceptably large 'expenditures for overtime work 
by state prison guards (these, expenditures are, described in 
Section 1,2) . It is not^ a' typical "textbook example." In 
particular, trie problem is larger £han any textbook exam- 
ples in the author 1 s ^experience; the* model involves more* 

, than 200 constraints and more than 800 variables, as de- 
scribed in Section 3.5. (However, this is not an especial- 
ly large "real^world" linear programming problem.) The 
notation necessary- to describe a problem of this magnitude 
is unavoidably cumbersome, as will be seen in Section 3.2. 
On the other hand, the model can be described and under- 
stood without specialized^ knowledge in any particular ^ield 
of study. . , 

. Difficulties ^(unrelated^to the .model per s£) we^re 
encountered in the collection ancnAeerpretation of data 
required to evaluate the performance of *the model; these 
difficulties (typical of the "real world 1 ') , and' the*" proce- 
dures used to overcome. them, are described'in Section 4. 

Because prison guards come only in whole units (no 
fractional parts) , a special technique was used to obtain 
an integer-valued solution^to the model; this 'is described, 
along wfth an intuitive justification, in Section V.6. At 
present, this intuitive justification, and the complete 
success achieved in ofataining 3 satisfactory integer-valued 
solutions in the test cases 'that , have, been run (as der- 

* scribed in Section 4), are the only justification for this 
special technique. ./There is no formal proof given here 
that the procedure will always. yiftld nn interger-valued I 
solut/Lon, and no suc*\ proof is presently known to the 
author/ It iSj well-known that under commonly-satisfied 
conditions, the so-called "transportation problem" will 
always possess an integer-valued optimal solution; possibly- 
a proof of this result (e*g., as given- in Section $-'4 of 
[U) could be adapted to fit the present model. .Or, per- 
haps there are situations for which the special procedure 
used here will not yield an in.ter^ger' -valued solution. 
Presently, this t is still an open question. Other, more' 
urgent problems have precluded further work oh this ques- 
tion^ However, the procedure .described here in Section 3.6 
has provided satisfactory integer-valued solutions in the 
real-life cases that have been run, and so K in the pract\- 



cal sense/ has "solved" the problem. In real-life' appli- 
cations of mathematics, this is often what matters— "the 
proof of the pudding is in the< eating." 

Numerical results from applying the model for two 
different. sta,te prisons are given fn Section 4, along with 
some interpretive comments. 

"The ' exercises and final exam included here are 'design- 
ed to aid understanding of this particular models so as" to 
illustrate the detailed consideration necessarV f-pt^model- v 
fr>g real-life situations. , 

Solution of 'such* a large model would' not r;e possible* 
without large-scale computing facilities. Because, of the 
size of the model and the variation" in input/output formats 
•for Various "canned 11 linear programming computer sof-bware 
packages, no computer runs are 4 nclu( 3 ed here. If the read- 
er wants experience in running such a modeJU'on a locally- 
available computer, the small-scale version of the model 
given in the final exam could fie used, utilizing work-force 
requirements chosen by the reader as input 'data . 

The model described o here was developed after* policies 

and procedures f or, work scheduling at various state prisons 

had been judged to need improvement. This .judgment was 

based largely on the following two considerations: 

* ♦ 
JJ.) work schedules varied from one prison to another, 

causing undesirable variations from prison to 

prison in such matters as the number of days off 

> "for guards. t * , " c 

C2) wor-k-force requirements for* prison guards (i.e., 

j the required numbers of prison guards bn duty) at 

each prison were being met by scheduling large 

amounts of overtime work vhich coulcjl cause fatigue, 

irjef f iciency , tension, etc., as well as increased, 

labor costs. 



1-2 Ove rtime Costs 



The cost of overtime work Was a serious problem. Some 
indication of the size of overtime cos,t can be obtained 
from Tables 1 and 2. Table 1 shows the number of prison 
guards on duty at one state prison,, designated Prison H, 
during, the week ending September 23, 1 973. In Table 1, for 
each eight-hour period of each day in the week, four num- 
bers are^ given without parentheses. (Temporarily ignore 
the numbers in parentheses ; the/ will be discussed in 
Section 4.1). In ORder from top to bottom, the four num- 
bers without parentheses are: 

(1) the number of prison guards wojrking that/£e7it>d as 
•part of their regular f orty-hour-per-wjeek work 



2 
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** ' . ' TABLE 1 

» Data and Results f-rom Prison krtfoz tie Wee* 
Ending Septem}>er \23 ,.1 973 



c 

DAY 


r , \ ' - Shift 1 - 






N IGHx 


MONDAY 


50 * (40) 
o~ • J Oh 
^0 ( 0) 
40 (40) 


41 (41) 

0 e • i 0) 
0 , ( 0) 

41 ' / 41 \ 


■ K 

20 . (20) 
0 ( 0) 
.0 ( 0)> 

2j0 ( 2 0 j i 


TUESDAY t 


44 (45) 
"1 (0) 

0,(0) 

45 .(45) 


<- 

41 .( 41) 
• Q ( 0) 
^4* ( 0) 


19 -ll9) 
0 (* 0) 
_0 ( 0) 


WEDNESDAY 


44 (4 8) 
0 -( 1) 


, 37 \ (40) . 
0 ( 0) 
3 • ' (0) 

Aft ' f AY$\ 

4U \4VT 


<18 -(13) 
0 f 5) 

18 (18) 


THURSDAY 


'42 * (42) 
1 { 1) 
0 ( 0)* 


39 (40) 
0 ( 0). 
CL ( 0) 

^ Q / A ft \ I 


17 (14) 
0 ( 3) 

' J> (0) 

3*7 (17) ' 


FRIDAY ' 


44 0 , (45)°- * 
1,(0) 

_g ( b) 


^39 - (40) - 

' °"l ' ( 0) 

" 6) 

An t a <\ \ 


16 (16) 
'0 ( 0) ' 
o I, 0)' 
ad (Id) 


J* • < 

SATURDAY 


36.. .137) 
1 0) 
0 ( 0) 

37 (37) 


38 (38) ^ 

o • M o) 

.0 ' ( 0) 

38 (38) 


16 (46) 
0 (0) 
JO ( 0) 
16 (16) 


SUNDAY 


33 (33) 
0 ( 0) 
_0 ( 0) . • 
33 (33) 


40 < y (4D) 
0 ( 0) 

-1\ (. °.) 

40 * (40) 


17, (17) 
' C ' ( 0)/ 

17 (17) - 



* J 



schedule, |fc regular rate of pay (e.g., there. were 
. 44 of these (5n Tuesday Morning); 

(2) . the.number of guards working that period on over-. 
' time at bne-and-a-ha*lf (1.5) times their regular 

'* * rate of pay ('e.g., there was one of these- On 

Tuesday Morning); ' * 

(3) the°.number ' of guards wojrking "that period on over- 
- \ . . time at two (2) tifies the i*r * regular rate of pay 

(e.g., there w^ere three* of these ^n"ife3n"e"s^ay 

« " . . Afternoon) ; « • % 

(4) the total numb.er of guards on du.ty during that 
Berio6\ which is just the sum of the previous three 

1 numbers (e.g., there were 49. guards working the 

Wednesday Morning period) . s 
• » 

* The 1 'reason that some 'guards working overtime were paid 
1 "time-and-a / -hali" while Others were paid "double-time" ^will* 

' be explained in assumption (10)' 6*f Section 2.1. Table 2 ' 
give's the sajne kind of data for another prison, designated 
prison G, for the week ending September^O, 1973. 

Table" 1 indicates thatT the^quivaient i>t five periods 
was worked at time-and-a-half during tha-t week at Prison Hi 
one each on Tuesday Morning, 'Thursday Morning, Friday Morn- 
ing, Friday Afternoon, and Saturday Morning. Also, the 
equiValent; 'of e'ight periods was warked at double'-ytime j 
five &n WednesdayjMoEning and three on Wednesday Afternoon. 
For convenience, let us assume that all prison 'guards were 
. 4 paid £3.00 per hour*as ' regular rate factually, the minimum 
pay fc* a prison guard is higher th&i this) . Then since 
-'each period is eight hours, -Table 1 indicates a total cost 
for overtime work of / 

' ^ - (1.5) (SMI (5) (2)(S24)(8Jt ="S564 

' s&i'*?jL -for that ^eeic at PrjLson H. 

• Exercise 1.2 Overtime ^g^afPHorfn ' 

% \ fH "' "' *. *" * **• iT. . . ..^ ^ 

Again assuming that all prison guards were paid per hour as stan- 
^ dard rate* verify that Table 2 indicates a total cost for ov#rtime 

work of $23,, 928 at Prison G during the week ending September 30, 197^. 
(Prison <G is a considerably larger prison that Prison H.) 



EMC 



*These large amounts of .overtirne pay were also being 
noticed t*he news media, as shown* by the newspaper 
clippings reproduced here ofT pages 6 and 7. (These 
clippings are reproduced with the kind permission of the 
Assdciated Press and the Harrisburg Patriot and Evening 



News . ). 
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TABLE 7 



Data arid Results from Prison G /pr, the Week 
Ending December 3*0, 197/ \ 



DAY 


i 

SHIFT 


MORNING* 


AFTERNOON 


NIGHT- 


MDNDAV 


94 (117) 
'19 - ( 0) 
3 ( .0) 
116 (117) 


70 t (131) 
61*' ( 0) 
0 ( 01 
131 * (131) 


38 (74) 
40, > ( 4) 

" 6 '( o) 

78 (78) 


TUESDAY 


94 U'26) 
17 ( 0) 
<1 ( 0) 
1 26 (126) 


70 (137> 
62 . .( 9? 

146 (146) 


36 (74) 
38 (\0) 
'0* ( 0)$ 
74' (74) 


WEDNESDAY 


• 97 (116) 
19. ( 0 ) 
( 0)' 
116 (116) 

i 


69 (137) 

.68 (0) 

0 ( 0) 

137 * (137) 
\ 


36 (74) 
27 - J 1) 
12 ( 0) 
75 (75) 


THURSDAY * 


94 (128) 
41 ( 21) 
14 ( tO) 
149 (1<&9) ' 


\ 63 (98) 
.24 " ( 2) 

13 ( or 

-100 (100) 


37 (74) 
34 ( 7) 
10 ,( Q) 
81 ( 81 ) 


Friday 


74 (97) 
/20 ( 0) ' 

96 . (97)/ 

, J 


45 (89) 
* 16 ( 0) 

- ' _o ■ ( Q) 

61. (89) 


37 (39) 
2 ( 0), 

o ( or 

3? (39) 


SATURDAY" 


57 (43) 
' l'5 (33)' 
4 ( 0) 
76 ('76) 


"37 " (45) 
14 ( 6) 
- 0 ( 0) , 
5L (51) 


26 ( 0) 
3 (i9) 
0 (0) 
* 29 ( 29) 


SUNDAY 


53 (63) . 
• 1 - ( 0) 
-1 ( Q) 
v 63 1 63) ' 


36~ (48) * 
'12 ( 0) 

_0. ( 0) 
•48 (48) 


25^ .(35) 
. '3 ( 0) " 

2 ( 0) 
30\ (35) 



Senators Tour 
Prison Facility 
In Gamp Hijl 



By MERRY BROOKS 
m Staff Writer ^ 

A fact-finding tour by mem- 
bers ot the Stite- Senate Pris- 
on Jnqviry Committee yester- 
day at the Stite* Correctional 
Iwtitfltwn at Camp HtU 
seemed more like, a whirl- 
wind campaign swing with sen- 
ators ^shaking hands arid eli- 
citing opinions from prisoners 
and guards 

But in /act. the information 
sought by four stale senators 
on the'sixth tour of the eight 
state prisons yielded informa- 



Courtesy of the 
Harrisburg Patriot, 



; tion that may assist the 6pe- * 
*cial committee in drafting 
■ prison-related legislations 

Serf. Freeman Hankins. D.- 
Philadelphia, committee, 
chairman; "Sen. Mama Mur- 
ray.' D.-Luzernej Sen." Her- 
bert Arlene. D.-Philadelphta. 
,and Sen. James E.Roes. D.- 
Beave w Washington, accom- 
panied by a herd of reporters, 
breezed through the prison ih 
Lower *lten Twp ;n a three- 
hour VIP tour. 

* the senators engaged Er- 
nest Patton, prison 'superin- 
tendent, m a give-and-take 
roundtable discussion before 
the tour began. .They ob;ain<vrt 
the following* irtformatien. 

—The prison paid $353,0(0 
in overtime to guards last < 
year -and expects to pay 
$361,000 in overtime this year. 
The pnsoir needs an addition- 
al 67 guards to reduce .the, 
amount of overtime pay. « » 



Guards sought for Graterford 

By Tht Associate*:. Press the* -added; guirdi would coat, 
/The hsad of the state Cor-' $500,000 annually., 
rectinns Bureau says Gov The, extra men could cut 
Shapp and the Legislature* down" on overtime payments 
may be a*ked to provide from to the current guards, 'now 
$0 to 100 guards at the Grat- running about $20,000 a 
erfnrd* State Prison * " ^momh. 



Graterford. the largest of 



The /increase would raise to 
400 the number of guards at 

tht Montgomery County $ris- the stata's eight correctional 

on. institutions, has about 1.600 

Corrections < Commiialonor Inmates, about 200 below ca- 

Stewart . Werner estimated pactty. 

Courjtesy of the Associated Press. 
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At 8 State frispns. 



Overt ii|ie Guard Pay 
, Bills keep Mounting 



* The iBureau or Correc- 
tions is siill paying heavy 
overtime to keep guards on 
duty at the eight slate pris- 
ons Some guards are 
•doubling their salaries' 
ihroughextraVork. 

'A "buyau ^spokesman 
said yasArday that in the 
yeaV ended June 30 the 
agency paid out nearly U 
million m overtime, a boost 
or $750,000 over the pre- 
v»6u5 year 

-The bureau already had 
been strongly crjuoz*<njjr 

w Courtesy of the 



excessive overtime pay- 
mints Legislators and otrf- 
er officials think the state 
could save money by hiring 
* more guards at regular sal- 
aries^arHj reducing* over- 
time payments at time and 
ahalf anddouoletime « 

Auditor Gen Robert P 
Ca^ey. one or the critics, 
zeroed in yesterday on 
overtime afthe state pns- 
.onin Dallas. Cujterne Coun- 
ty Mo#e than was 
paid during the hscal year 
ended irUunel974* 
/ 

Associated Press. 



Guards Due Windfall 
For Missed Breaks * 

Tt*t tw Ttwoi wtt*. s«m«i % ' orea T< s since before July A 
About 1.70O state prison 1973. »' * 

guards will be jeimburjed for \ Robert Saylotf executive di- 
perhaps $1,600 each* for /jector ror the Bureau or Cor* 
missed cotfee breaks, it was rations, reused to comment 



, learned yesterday. 

The windfall comes as a re- 
sult or* an arbitrator's -deci- 
sion earlier this mpnth on 
grievances filed at eight pe- 
nal ^institutions across > the 
state. It may cost the com- 
monwealtn, as 'much, as $1.7 
million. ' , „ / 
* Under the, terms or jheir 
contract .wjih the. State Efo- 



on published reports oj the 
reimbursement.. 1 

Tbe guard answering the> 
phone at the bureau^faead- 
quarters bere- said he ifed 
hes'd or the decision, hut 
added, "We should be getting 
$2,000." * 1 e 
The arbitrator's decision 
was handed down on July 12, 
acceding . to published re* 
ports, but tJ^e bureau made 



eau 

reau or Corrections. ,the^ no'tfnnouncement orJB 
guards are* allowed, a 15-nfin- ■ Wording to Jack Walsh, 
ute break every rour hours ^ president or guards Local 
But because or critical # 2 500 at Western State 
manpower shortages at the Penitentiary, the payment 
state's prisons, the mrn'nave ^will be made to the guards 
not , bttn able to take the sometime this month. 

Courtesy of, the Harrisburg Patriot. 
! • " : 



Casey said 12 guards re- ' 
cetved between $IO,f<4 and- 
$6,707 in Overtime Eleven 
or the ',12 'guards had base 
salaries or $11,731'. One # 
guard has a 512.875 base' 
salary 

"The new commissioner 
William Robinson — is' 
very aware or the'problem 
and that.^long with* every 
other program, is being 
looked at very carefully 

.,'* the> correction bu- 
reau spokesman ^a id "He 
does want to, cut down on 
theovertime." \ 

He said forme ^Commis- 
sioner Stewart Werner had 
a hiring freeze in e/rect be- > 
cause or the tight budget 
policy-adopted by the 
Shapp administration. * 

But under Robinson, whoj 
assumed the post last 
rqonth. the freeze has been 
lifted and 35 guard va- 
cancies around the ./state 
are being rilled, thespokes- 
mansaid* 

however, the overtime 
problem will finger. 

Glen R^Jerre$. superin- 
tendent arBallas. said va- 
cancieb alone dbn't govern , 
how much overtime will be 
needed Vacation* and the , 
feet that Authorized staff 
levels are inadequate also' 
"are factors, he said. 
, "J have requested addi- . 
tional officer positions the • 
last .two years. 1 .received 
no new positions ; 

"Without additional otu* 
cer posrtidns 1 see" very 
little impact on the red uc- 
lion of overtime," hesaid.. 



1. 3 Pihinnirvq the Study for a Better Scheduling ' ' \ ' 

Procedure - , ~ 

tf For the reasons indicated above^a study was iriiti- 

^ated to determine if prison guards could be utilized more ' 1 

, efficiently than was occurring with the procedures then in 

use by*the various state prisons (as discussed in Section ' ' '* ^ 

„ T.l , the work-scheduling patterns then in use v-aned fjom- 

prisOn'to prison)! At the beginning .of tfiis pfoject, Ihe 1 t % * . 

following objectives were considered: ' ' ' 

I B - • » v fc 

(1) *. provide a uniform work-scheduling pattern tat all ( > 
. * , state prisons; 

(2) eliminate excessive overtime work by the prison ^ 
•guards; * ? . ( « > 

(3) indipate the optimal number qf^prison guards to be • 
. - emplbye'd at each prison so as to minimize total » 

labor costs while meeting specif led work-force ' * *• • 
requirements; " \ - . T 

4 (4) provide a-jmiform patter n of ' shift rotation for. * \. 

the gba,rds at each prison. 1 ; ♦ J 

It was soon decided that the selection of individual* * 
' prison guards to fil> the»various trork assignments avail- • 
'ablje shouldfcbe left .in the *haiids/, of management to provide ,* * 

maximum f lexibi^fity^in scheduling" prison guards with * 
s^cci^l abilities, wor k e^f erencea, -etc. f , as well as £o 
.keep the scope of ^the /pre'sent project within reasonable * 
bounds' (which cojuld not be dtfne if. account had to be taken 
of* each individual prison guard) For* similar .reasons, 
the patter rfof 'shift rotation J oj^ thV^rison guards at, 
each 'prison (objective (4.). above) was^mittec* fr.om further 
consideration. So it Was decided to try^'to develop a s * * ^ 
workysched^ning model which. would* meret the' f irst "thr*e fc of 
the fouc objetsti^fffe listed above. The^model^is intended V ♦ 
to provide the* basis for ratitine sche^uUng of the gua'rdis^ * 
^.Unexpected absenteeism' caused ,by illness, ejtc. , will 1 ; ' 
always have to, b.e dealt with separately ^HsU occurs/' 

" 1+ GENER^ DISCUSSION OF THE ^ORK^ SCHEDULING -JMODBT, . * 

V** - ^ * ' • « * 

' *25i 'Assmnptiolis i\ sT * • . 

. • * J ' ' - ' 

Each prison is 'considered as a xfomplVtely sVparate; ♦ 
, # entity.. Then the model, as ^ppljed tb»each prison indi- 
vidually, is base*d on the- assumptions-listed below/ i In 
the following discussion, the word shift refers *to one of W 
thfc threQ div.i£iQns *of a day*: '-Morning, Af ternoop/ or • 
Night. The word period refers to a" single eright-hour 
length of time wVich is jdet*ermined by specifying* both a 

' . A J . 
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day of the week and a shifVof. the day, e.g. / the Wednes 1 - 
day'Af ter noon period.) • 

U) Bach twenty-four-hour day is divided into three 
eight-hour shifts: Morning, Afternoon, and. Night 
Csee Tables 1 and 2) . * 

(2) Work-force requirements (i.e., the numbers of 
guards required to be % on duty) are known for each 
period, of each day for^a full seven-day week. 
Furthermore, these Requirements do not change from 
week to week. Also, the total number of prison 
guards -available for work is constant (does not 
change during a week or from week to week). In 
Mother words,- the model developed here is a static 
model for the scheduling of guards on a weekly 
basis; it is not a dynamic- model: (In this re- 
spect, the model is similar to the one discussed 
by J. A. Parsons [2].) See Section 2.3 for further 
discussion of this assumption and a method to in-' 
troduce limited dynamic qualities into «the model. 

(3) As a standard weekly tour 'ofy duty, each, prison 
guard is assigned to a forty-hour standard-rate 
work schedule consisting of one eight-hour period 
per day for five consecutive days, staying on the 
same* shift foj: all five days; ne/she then has two 
consecutive days off before beginning this same 
pattern again, for example, some guards work the 
Horning shift Monday through Friday; other guards 

- work the the Night shift Wednesday tfirough Sunday, 
- etc. -There ,are twenty-one .of these for.ty-hour 

standard-Wte work schedules: one each beginning 
"with Monday Morning, Monday Afternoon, Monday' * , 
* Night, 1 Tuesday Morning, etc., to Sunday Night (see 
, - Section 3.2). Since this is a static model/,: these 
forty-hour, standard-rate work schedules -axe^assum- 
ed to repeat without change. weelc after week (but 
* . see Section 2.3) . , ' 

(4) Work-force requirement^ ^ot, -met by these standard- 
rate work schedules are tilled by overtime assign- 
ments; -each .overtime Assignment is for one eight- 
hour period. 

(Sp* - A prison guard is not eligible for overtime work 
on any of the thirteen periods which occur during 
his/her standard forty-hour work week; i.e., 
during the time commencing with* the first standard 
work period of*his/he'r five-day work schedule. 
Foj; example, a guard who works the Morning shift 
Monday through Friday as his/her standard forty- 
hour work week would not .be eligiblV for overtime 
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work anytime between Monday Morning period and 
Friday^Morning periard, inclusive. 

(6) A guard 1% eligibBe/f or overtime work *on any of 
the eight periods which- occur during his/her two 
days off/ commencing with the period immediately 

, ^ following his/her rfifth standard worfc period and 

terminating with th^ period immediately preceding 
the first standard work period of his/her next 
five-day work schedu^. For* example, a guard who 
works the Morning shift Monday through Friday as 
his/her standard forty-hour work week would be 
eligible, for overtime work on any of the ei^ht 
periodsVbetween Friday Af£ernoon and Sunday 'Night, 
' inclusive. 

(7) However ,; no guard may work more than two overtime 
periods during his/her two days off. 

(81 As implied by the above sassumptions^, a guard may 
work two or even three consecutive eight-hour 
periods^ depending on what combination of standard 
|nd overtime periods he/she, is assigned. s«e 
Section 2M for discussion of modifying the as- 
A sumption in the mode}. * 

, (9) All prison guards are assumed to be paid at the 

same .'(unspecified) standard 'rate for an ei.ght-hour 
period, with no account being taken oj^dif f er ences 
an ,pay because of differences in seniority, 
. skills*, etc." (Otherwise, minimizati on ; of overtime 
costs would require that overtime work for eadh 
week always be assigned, to guards receiving tYe v 
lowest rate of pay.) V ^ 
(10) If a guard does overtime work durig his/her two^ 
days off, then for th« first overtime period 

\ during the two days of£ he/she is paid one-and-a- 
half (1.5) times his/her standard rate of pay. If 
he/she. works a second over-time period during the 
same two days off, then for this second overtime 
period he/she is paid two (2)^ times his/her 
standard rate of. pay. (The numbers 1.5 and 2 
specified above can be changed easily in the 
model.) 

2^2 — InPUt Requirements of the Mo del and Resulting 
• ' Output 

For a given prison, the model needs the work-force 
requirements for eac^period of eacH^o^j of the week, 
(twenty-one ^requirements in all) as input data. ^The\odel 
will tHen' determine an "optimal" size of the^work force 
(total number of guards), an "optimal" number of .guards to 



be assigned to each of the twenty-one forty-hour standard- 
rate wqrk schedules, and an "optimal" number of guards to 
be assigned to <fech period^of each day on an overtime 
basis r so as to "trfinimiz*e w total labor costs while meeting 
the conditions stipulated in the assumptions of Section - , 
2.1. and at least satisfying the speqifie^— work-force rer 
quirements. (In this paper, the woros "optimal" and * 
"minimize," when in quotes, will mean nearly optimal and 
nearly minimal , repectively, because of the procedure used 
to obtain* an integer-valued solution; see' Section 3.6.) 
The model will indicate wHich of the one-and-a-half-rate 
overtime assignments are to be filled from each forty-hour 
standard-rate work schedule, and which of the double-rate 
overtime assignments are to s fie filled from each one-and-a- 
half-rate overtime assignment so as to satisfy assumptions 
(4), (5),'(6)> and 1*7) in Section 2ll. ; Finally, the model 
*w,i],l indicate the totaT labor cost resulting from" this 
overall work pattern; the cpst is given as a^mult'iplier of 
the cost f oi; a prison guard to. work one standard-rate 
eight-hour period. For example, if guards, are paid $3 an 
hour as standard rate (a figure used for illustrative* pur- 
poses, only) , then the total ..labor cost given by the model 
must be multiplied by $24 to express total labor cost in 
dollars. Recall from Section l.J that the selection of, 
individual prison guards to fi,ll the various work 
assignments indicated by" the model is left in the ,hancfs of 
management^ ,to provide maximum 'flexibility in scheduling 
guards. with special abilities, work preferences, etc. 

* 

2.3* Modifying the Model for a Fixed Work Force 
x 

Very slight modification of the model wil> enable a 
user to specify ttye size pf the worjc force (totaf number 
of guards) as input data along with the twenty-one work- 
force requirements". In this case, for a fixed total' work 
force, the . cost of standard-rate work ijs fixed (assuming, 
'.as in assumption (» "of Section 2.1, that each guard works 
at least forty hours per week). So, the^ objective of 
.minimizing total labor costs now becomes equivalent to 
minimizing overtime costs only. /~The model will now deter- 
mine an "optimal" number of guards to be assigned to each 
of the twenty-one fo^fy-hour standard-r^ate work schedules, 
and an "optimal" number of guards to be assigned to each 
period of each day on an overtime basis, so as to "mini- 
mize" overtime costs whil # e meeting the conditions stipu- 
lated in the assumptions of Section 2.1 and at least 
satisfying the specified work-force requirements. Other 
features of the model output are, similar to the variable- 
wo^rk-force case discussed in Section 2.2, ^except that 
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overtime cost is given instead of total manpower cost. 
Further^ discussion of this modification is given in , 
Section* 4 .1 . 

This flexibility makes it possible to use the model* 
t© determine a new: set of work-force assignments using a 
previously-dete^pinea total work force, in response to a 
perhaps seasonally-adjusted pattern of work-force re- 
quirements, withjrelatively minor "end effects" necessary 
t<5 smooth, the ^transition from one set of wqrk-force as- 
signments to /the next., Since- past policies, union con- 
' tracts, availahility of trained manpower, etc., all 
restrict the total work force from week to week, this 
limited flexibility may provide sufficient dynamic 
character to the model. * - 

2-i-4 — Modifying the Mod el to Prevent Consecutive 
Work Periods 

"When a prison guard works two Qr° three consecutive 
eight-hour periods as indicated in assumption (8) of 

.JjIPtion 2.1 , then^fatigue, inefficiency/ tension, etc., 
will, surely result. Such conditions can have serious 
consequences in a situation requiring delicate inter- 
personal relationships, such' as occur in a prison. The 
work-scheduling model described Here can be modified to 
impose restrictions against any guard working three con- 
secutive eight-hour periods, or against any guard wocking 
even two consecutive eight-hour periods. More generally, 
the mode! can be modified to impose any desired number of 
"rest n periods between those periods for which a guard is 
considered eligible for overtime work.. This 'eligibility 
depends, of course, on which forty-hour standard-rate work 
schedule the/guard is assigned. <0f course, the number of 
rest periods must be consistent with assumptions (4), (5), 
(6), and (7) in Section 2.1. This modification merely 
requires the deletion of^ certain terms from the mathe- 
matical expressions representing assumptions (6) and (7), 
and the removal of the corresponding terms from the 
computer-card decks with -which the model is* implemented. " 
The modification is tedious but straightforward. See 

Section 3.4 for further details*. 

2^5 Overstaff ina -t . . « 

As indicated; in Sections 2.2 and 2.3, the solution 
provided by the model will at leafst satisfy the specified 
work-force requirements. In other words, the total irumber 
of prison guards (standard-rate and overtime) assigned to 
any period 'of any day will at least equa.1 the correspond- 
ing woxk-force requirement for t*fat period. Because 
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standard-rate wotk" schedules are assigned ia forty-hour 
^blocks," it?>is possible^ that the number of standard-r&te 
^.guarcvs assigned to a^particular period of some day may 
'exceed thie corresponding work-fore requirement for that 
period* Pr^ior ^knowledge *of this situation will enable- 
management to ef £icie*n£ly % schedule any anticipated^extra 
work to be donp during such overstaffed periods. Of 
cour,se f when a period is already" Overstaffed by standard- 
rate guards,- the model will not assign any overtime. 'for 
that period. 'Also, this ^overstaf fed condition should not 
be misinterpreted/ it s^il-1,. represents a .'^minimum-cost" 
solution to the work-SGhedulirfg problem described by the 
xribdel., using the twenty-one specified workforce require- 
ments. Examples "of such overstaffed periods will be given 
in Section 4. 

v. : mathehatical;desc ription of the model 

3.1 Preliminary Comments 

The mathematical model developed in this section for 
minimizing total labor costs in accordance wjLfcli/'t he pre.- 

~ vious discussion is an integ^t^^nea^^pj^^r amming Jrt&oel, 
i.e. , a^linear programming/model in which the decision 

« variables must'be integer (valued. Very good discussions 
of the theory and application of linear programming in 
modeling r eal-w or 3<d , problem s^are givew in several bodks, 
including [3], {'41 . Both of th^se books discuss the ; 
additional complications that canV arise when the decision- 
variables must bfc integer valued. We will re'turn to this* 
co,ns?8era tion for the present model in Section 3.6. ' 

3.2 Notation 

As a regular standard-rate weekly tour of 'duty, each! 
prison guard is assigned to work eight hours per day for . 
five consecutive days, staying on the same shift for all 
five days, and then to have two consecutive days off,* The 
seven possible five-day work schedules .are indicated be- 
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R x j = required number of prison guards (work-force 

requirement) for day i and shift.]. * 
N = total work force (number of prison guards). 
x kD = number of prison guards to be regularly assigned to 

work schedule k r shift at standard rfa^e. 
y i j = number of prrson guards to be assigned to d$y 1, \ 

shift j, at one-and-a-half-rate overtime. 
z i3 = number of prison, guards tq be assign-ed' to day i, 

shift j, at double-rate overtime. 
u i];pq= number of prison guards chosen from x pq to work 
one-and-a-half-rate overtime on day 1, shift j. 
w i3(mn;pq)= number of prison guards chosen from u mn . p to 
wtfrk at double-ra^e overtime on day i, shift. 3 
= number of prison guards chosen from'% to work' 
. at one-and-a-half-rate overtime on day m, shift 
n, and at« double-rate overtime on day 1, shift 
"3. 

Table 3 indicates the .work-force assignments usir*& 
x k<j' yi D f Zij notation-. # S ^ 

As examples of the notation, we have 

R 23 - required number of prison guards for Tuesday Night. 
x 42 = number of prison_guards to be regularly assigned to 
Work Schedule 4 (Th, F, S, Su, M) , Afternon shift, 
at Standard rate. . 
y 23 = number of prison guards to be assigned to Tuesday 

Night at one-and-a-half-rate overtime\ 
z 32 = number of prison guards to be assigned to Wednesday 

Afternoon at Qouble-rate overtime. 
u 23;42 = numbe r of prison guards .chosen from x 42 to work 

one-and-a-ha^lf-rate overtime on Tuesday Night. 
w 32(23;42)~ -number of prison guards chosen from u 23;42 to 
work double-rate overtime on Wednesday 
Afternoon. n * • 

. ' ; V - 

> ' r— 

ExercifiP ^."2 NotaHnn; /, ' - 

(a) Write out the definitions of R£ 2 . X53*. y 3l . z 72 /u 32 . 53 . and ' 

w 51(32;53)-' J ' * 

(t) . Is the symbol u 23;6 2 valid for this model? Explain. * 
(c) How many consecutive eight-hour shifts are worked by the group 
. of prison guards represented by the .symbol w 7 2 (63-,21) ? 

w 42(41;53) ? w 73(72;ll) ? w 6^(52;62)* ? 
Without looking at Table 3, write out the expression 
representing the total number of prison guards to be working 
Tuesday Afternoon. 
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TABLE 3 

Number of Prison Guards to be Assigned to Each 
Period of Each Day 1 



DAY m 


SHIFT 

* 


Mornihg^(a.m.) 
6 a.m. ,- 2 p.m. 
3 = 1 


Afternoon (p.m.). 
2 p.m. ,-10 p.m. 

. j = 2 


Niaht (n+ \ 
10 p.m. - 6 a.m.* 

3- = 3 


MONDAY 
i = 1 


x ll +x 41 +x 51 +x 61 +x 71 
z ll 


x 12 +x 42 +x 52 +x 62 +x 72 
z l-2 


X 13 +x 43 +x S3 4 ' x fil +x 71 

J ** J . JJ OJ / j 

z 13 


TUESDAY 
i = 2 


x 11 +x 21 +x 51 +x 61 +x 71 

' *21 
z 21 


x 12 -bx 22 +x 52 +K 62 +x 72 

^22 
z 22* 


J.J £J OJ oJ /J 


- WEDNESDAY 
7 • i = 2 


x 11+ x 21 +x 31 +x 61 +x 71 

^31 
z 31 


x 12 +x 22 +x 32 +x 62 +x 72 

' ^32 
z 32 


-Lj tJ JJ oJ /J 

y 33 ^ 

z 33 


THURSDAY 
°i = 4 


x u+ x 21+ x 31+ x 41+ x 71 
z 41 


x 12 + *22 +x 3*2 +x 42 +x 72 
y 42 
z 42 


x 12 +x 2 3+x 3 3+x 4 3+x 71 
*j jj **j /j 

*43 

z 43f 


FRIDAY 


x il +x 21 +x 31 +x 41 +x 51 
• ] , z 51 


x 12 +x 22 +x 32 +x 42 +x 52. 
z 52 


x 13 +x 23 +x 33 +x 43 +x 53 
• - y 5.3 
z 53 


SATURDAY 
1 = 6 V 


X 21 +x 31+ x 41+ x 51+ x 61 
z 61 " 

' ■ »_ 


x 22 +x 32 +x 42 +x 52 +x 62 
z 62 


x 23 +x 33 +x 43 +x 53 +x 63 
y 63 
z 63 


SUNDAY 
i = ? 


x 31 +x 41 +x 51 +x 61 +x 71 
, y 71 
Z 1\ 


x 32 +x 42 +x 52 +x 62 +x 72 

T 72 
z 72 


x 33 -+x 4 3+x 5 3+x 6 3+x 73 ' 

*73.. •' 
z 73 
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3 .'3 The Objective Function: Total Labor Cost 

Total labor cost includes overtime cost a's well as 
standard-rate cost and fringe benefits. Now, fringe 
benefits are approximately equal to 20% o,f a prison 
guard's standard-rate pay, and are a cost in addition to 
his/her standard-rate pay. So, the total standard-rate 
pay £or* f ive* eight-hour periods and corresponding fringe 
benefits is approximately equal to the cost of six stan- 
dard-rate eight-hour "periods (20% of "five is one, and one 
plus five is six).. Sp*the total labor cost for alt 
guards was taken as six times the number df guards on the 
'work force, plus the total cost 'of all 'overtime assign- 
ments; this overtime cost was again formulated as a 
multiplier .of the st:andard-rate cost for one prison guard 
J to work an eight-hour period. 

The objective function of our integer linear pro- 
gramming »proble?m f for the minimization of total, labor cost 
is then ¥ , 

7 3 

Minimize Z = 6N + Y Y (1.5 y in + 2z H ) . 

i=l j=l I J 

-If prison guards are paid $3 per hoifr, then this value of 
Z must be multiplied by $24 to give actual labor cost in 
dollars. ~ m & » 



excise 3 ,3 Labor Cost 



If fringe benefits of 20% were paid for overtime work as well as for 
standar4 _ ra te work* how then should the objective function repre- 
senting total labor cost be written? , 



1^4 Constraints 

The constraints for our model are< 



* l X M + ' y i3 + Z i3 1 R iD 



Pt<l 

^. u ij;pq 1 x pq 

z i j "II w i j (mn;pq) 
m,n p,q 



i 



16 -** H 

'■'t 20 



. w iD(mn;pq) ^ "mn/pq^ 

where the summations are taken over appropriate 'values 
of the indices-consistent ^ith the assumptions given. in 
/ Section 2.1, a^d where all variables } , {y^* 

(zfj} f {Uij ;pq }/ f w ij(mn;pq)} nonhegfetive integers. 

, Note that the.lyiji and [ Zij } are convenient Rotational' 
.and conceptual stand-ins for varipus sums of certain 6f * 
t J ie {u ii;pqJ and , { w i D (mn;pq)}r b "t are superfluous to 
the mathematical description of the problem; the neces- 
sary variables for the" mathematical description are the" 
{x kj } ' < u i 3 ;pqJr and ( w i D (mn;pq) I - ( 

For illustration, some typical '"examples of thes*. 
constraints ar-e given below. The underlining illus- 
trates the modifications for. preventing' consecutive work, 
periods mentioned in Section 2.4, as follows: triple ' 
underlining indicates a' term representing three, consecu-" 
tive work periods, dpjjble underlining indicates a'tewn 
representing two consecutive wo$K periods,, 'single under- 
lining indicates aterm representing oire consecutuve 
work period (i.^e., at least one rest period between work 
periods) , and no underlining indicates a % term represent- 
ing at l^ast two rest period's between work periods. So, 
if prison guards are required to have at least two -rest 
periods between work* periods, then delete all.^the under- 
lined entries in the following constraints. If .guards 
are only required to have at least one rest period* 
between work periods ( i . e. , % are~npt. permitted to ! work*- 
two consecutive eight-hour periods) then retain, the**-' 
SKigly-underUned entries (as well as the nonunderlined 
'entries, .of course) but delete the doubly-underlined and* 
triply-underlined entries, if -guards are permitted to ^ 
work two consecutive periods, b'ft are not' permitted to 
work tjiree consecutive periods, then retain the singly- 
and doubly-underlindd entries, but delete. the triply- 
underlined entries.,. Finally, if guards are ' permitted to- 
work three consecutive periods, then retain all th'e J 
entries. . . ^ ' 

x 33 + x 43 . + , x 53 + *63 + >x 73 + v 73 + z 73^ R73; 
' y 73 " "73:11 + "73,1? + «73;l-3 + , U J3;21 + u 73;22 

** u 73;23 + ^3:11 + u 73»32/ • / * K 



- A 



■V' * 



273 = w 73-Cfr2.-ll) + V73(72;12) + w 73jj7 2;13.T 

* +. * w 73.(72;21) + w 7i3^&£) '* " ; J. * • ? 



, ,+ w 73(72;-23) + w 7fr(?2-;31) 
+ W 73(71M1) + Vl3ni:12)'* w 73( 



■ + w 73(71;21) * w 73P?l;22)" ./^ 




•-.V 



'73(71;23) 



'73(63,-11 ) + w 73(63;12) + w 73(63;13) .4 



.■\ * *73(63;2H ! w 73(63;22> ^**3^^" 

+ w 73(62;ll) * w 73(62;l2) -+ w 73(62;13) *\ V^.vO^ V 

+ w 7j3 ( 6 2 ; 21 ) * 

'+ w 73(61?ll) +* w 73(61;12) * w 73(61;13) 

+ W 73(S^:\1) + w 73(53;12) , '.. 

4 



+ w 



'7 3 ( 52 ftp,) ? 



w 73(52:ll) + W 72(52;11T + w 71(52;ll) + w 6^(52;ll) . 

4+ w 6'2f52;ll) + "61(52:11) + W 53>(52;M) 



J 52;ll ? 



W 73(53;M) + w 72(53;ll) + w 71(537ll) + w 63(53;ll) 

+ w 62(53:ll) + W 6U53^TT* U S3;11 ? , 

w 73(61;ll) ' + w 72(61;ll) + w 7l(61;U) + W 63(61;ll) 

+ :w 62(61;lir 4 u *61;ll 7 

* w 73(62:ll) + w 72(62:ll) + w 71(62;ll) + w 63(62;ll) 



1 u 



62;11 ? 



*7 >(63;11') 1 w 72(63;ll) Aw 71(63;ll) lu 63;ll< 
' w 7l(71;ll) * w 72(71?ll) 1 u 71;ll 7 
w 73\72;ll) 1 u 72;il • 
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Exercise 3.4 Constraints: 

By analogy with the examples given above, complete the following 
constraints for- our model, including t\ic underlining as just 
discussed: 



y 5 2 = u ? ? ; ?? + • • • • 

2 5 2 = , w ??(??•?? ) + • • • • * 

w ??(??#??} * < ii 

* K ; 1 u 31 ; 52 • 



W ??C?2;??) + ... ^ u 
w ??(??f??) + ,\* < u 



33; 52 * 
42;52 ; 



X ?? --T ... > R 52 ; 

u ??;?? # '* • — x 52 ; 
w ??(??;??)" + ••• — u 23 ; 52 • 

w ??(??;??) + ••' — u 32'52* 
* > c> 
w ? ?(??;??) + ••• - W A1;5"2» 

w ??(??;??) + ••• - U A3;52* \ * % » 

1 i 

3-^5 — Summary of the Mat hematical ModsT 

To summarize the mathematical model, it __is -con — 

venient to imagine-that each constraint is rewritten - 
with all variables (N and the tf's, y's, z's, u's, and 
w*s) appearing on the left" of* the algebraic si^n ( = , 2, 
or 1) and only constants (the 1 s* or 0) appearing on 
the right side of "the sign. For example the -"Total ' 
work, force" constraint would be rewritten as 



x ll * x 21 + 



+ x 12 + x 22 + 



+ x 73 - N = 0 



with all 21 x's included. Then the model can.be sum- 
marized as in Table 4.\ The matrix referred to in" Table 
,4 consists j)f 821 columns (one for each variable and 
one for tfie right-hand-side terms'* of the rewritten, con- 
straints) together with 233 sows (one for the objective 
function and, one for each constraint), giving a total . 
of 191 ,293 cells: 

ft 

A cell is the intersection of a column and a row, 
and the .entry in each, cell is the coefficient of the 
variable corresponding to th^t^soiumn (or-is the right- 
hand side- element) in the «eo"hstrai nt (or objective 

. function)' corresponding^ to that row. It as useful to. 
know the number of nonzero cells in the matrix because 
only nonzero cell entries. have to be punched on cards 

'„f*or implementing the model on a^ computer ,~ and the num- 
ber of npnzero cells affects the computation time for 
solving the problem. The number of nonzero cells given 
in Table 4 assumes that prisoa guards are permitted to 
work three consecutive periods. 
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Tabled 

* > 

Summary of the Mat hematical^ Mode^ 



N 

x 

y 

. z 
u 
w 



Number of variables 



1 
21 
21 

21 = 168 
2» x 21 = 588 



Total, 



lo+ (39 x 21) = 820 



Number of constraints 

Total Work Force 1 
SunntR73, etc. (21 -work-force 

* requirements) 21 

Y73 v ^etc. * 21 

Xll, etc. 21 

Z73, etc. . * 21 

P5211, etc. ' 7 x 21 = 147 



Total 



1 + (11 x 21) 



23 2- 



Number of nonzero cells in the*matrix 



Objective function 


1 


+ (2 


x 21) 


*= 43 


Total work force 


1 


+ ' 


21 


= 22 


SunntR73, 'etc. 




' 8 


x 21 


= 168 


Y73, etc. 




% 


x 21 


* i 89 


Xll, etc. 




9 


x- 21 


= 189 


Z?3, e-tc 




29 


x*21 


= 609 


U5211, etc. 




35 


x 21 


= 735 


.Total 


2* + 


(93 x 




= 1955 




fl ttrc i gg 3 . 5 S Wrung rv Of the Marhfaatic.il Mod e l Whon Pr^on Guards 
Myst Take At Least Two Rest -Po nods RotuPP^ i^ r k 
•' Periods: 

Reconstruct Table 4 for this case. How many cells are iiutfie 
matrix now? How many have nonzero entries? 



3.6 •Sol ution Procedure . «\ 

^The solution procedure is as follows. The linear ' 
programming problem is solved, ignoring tKe integer ^ 
character of the variables. This yields. a global 
optimal solution, but will *n general produce noninte- 
\ger values for the variables,. If the resulting total 
work force fl is noninteger, it is rounded up to the 
next largest integer value. Whate.ver ( f ractionaljnum- 
ber that was* added to N to accomplish this rounding is 
then added to x n ; this ensures that the'x's will sbi^l 
sum to the new (integer) value of N % (the' choice ol * n 
is arbitrary). Each of these twenty'-one x f s which_>irs-> 
noninteger , is then rounded to either the next smallest 
or next largest integer in such a way trhat the integer / 
sum N of all twenty-one x's is preserved! A FORTRAN 
program to accomplish this rounding is given in^Table 
5. The linear programming problem is 1 ttien resolved - 
with the x's fixed at these i'nteger values. Since the 
work-force requirements (the'R^'s) are integers, this 
results in integer-valued overtime assignments; speci- 
fically, the sum«y i j + z^inow necessarily must be^a 
nonnegatlve integer for each of - the 21 periods. 
Furthermore, minimization of totlal, -labor cost requires 
% that no doubjLe-time assignment.be made for any period 
in which time-and-a-half assignments are still pos*- 
sible. Since the time-and-a-half variables (the* u's) 
satisfy ** * 

. i^ u ij;pq f x pq 

where the x's are integers, exhaustion of all possible 
time-and-a-half assignments implies that the u's will 
be integers; hence each 

Yij = A Uij?Pq " / 

p,q f ^ <. 

will *be an integer. ^Then each .will be an integer. 
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I * TABLE 5 

FORTRAN Progfam for Rounding the'x's 



C. 

c 
c 



ROUND THE OPTIMAL X'S TO INTEGER VALUES. 



TUESDAY -SATURDAY 
FRIDAY-TUESDAY 



C 
C 
C 

C N 



c 



-CHARACTERM9 DAYS (7)/' MONDAY-FRIDAY 

1 'WEDNESDAY -SUNDAY ',' THURSDAY-MONDAY 

2* SATURDAY-WEDNESDAY 1 , 1 * SUNDAY -THURSDAY '/ 

CHJJRACTER*9 SHI FTS(3)/ ' MORNING ' , 'AFTERNOON ' , 1 JIICHT 7 

. DinagiON xx(2i)« ; 

>SUMX^,0 / ; * - 

SUMC=0.0 _ ' 

,SUMC IS THE 'ALGEBRAIC TOTAL OF 'CREDITS' FROM ROUNDING THE X'S DOWN (+) OR 
UP (-).' WHE?4 ALL 21 OF THE. X'S HAVE SEEN ROUNDED, SUMC WILtrB^ ZERO AND 
THE TOTAL OF THE ROUNDED LrfTEGER X'S (SUMX) WILL EQUATE TOTAtf OF-THE . 
ORIGINAL OPTIMAL 'X'S ( I Jc* j« THE/ TOTAL WORKFORCE), IT IS NOT-NEflBSSARY TO >t 
* KNOW THE TOTAL WORKFORCE TO DO THE ROUNDING, >' ' ' \ 
$UNQH 5 

5 format; (ghbounds) * * 

READ IS, (XXlt>J=l,2l) 
15 FORMAT (5X,F10.5) - / 
.DO 60 1=1,3' - * 
DO 60 0=1,7 .* % , 
■ TAKE THE -X'S IN ORDER BY SHIFT . 
K=I+3*(J-1) 
-X=XX(K) ,** r 
IX=X " . 

FIX=IX 

IX AND fIX ARE THE INTEGER gATTNJF^X AH ntJKGER AND FU^T^Wjiff T^3^¥> ~ 

FX IS THE FRACTIONAL PART^flF Jl/ r 1 -* ^ ^ r * ^oL.^r 

IF (FX.*EQ."0.0) GO TO, 5 t . 

IF. ( V FX Hi. :0.5\AND.rSUM& .JIT. 1 . ( l.TW^J £0 TO „ 
IF m .IT, ,0.5 .ANBT SUHCV6E.*fl.0-FX)K60;T0 20 
IF (FX .GE; 0.5 .AND. t-SU!£) Ml* (UO-FX))Jfi&' JO 20 
If (FX .GE. 0.5 .AND/ (-SW,CE\*(l.©-£^n GO.TO^IO ^ * * 




.Ci 




Vr- 



10.X=FIX \ ' 

X IS ROUNDED 'fflOWN.^ , 

f - fid -.to' so , *> v ' 

■ X IS^OUNDEtKUP. 
" — SUMe»S0MC-(-1.0-FX) 
>: 50 SUMX=SUMX+X * 
" * XX(K)=X 
k 60 CONTINUE \ 

* / - r 7 K=0t * > ' 

'/ - v - DO iOO 1=1,7 . tf ' v % 

: > oo'-ibo j*r,5 * . - ' . ■ */ 

^ „ ,: • k=k*i- • „ ' . ^ . 

' PRI/1T 55, -l,J,XX(K)',DAYS(I),SMIFTS(J) 
' 55 FORmT (2HOXTll.Il.3H = ,R1L5,15H OFFICERS WORK ,A19,ftT0N ,A9, 
i24H SHIFT' AT STANDARD RATE. ) % . - /- 

PUNCHES, I,J,XX(K) k - * 

65 FORMAT (7H FX.RND,7X,JfHX,Il,Il,7X,F12.8) . ' ; 

100 "CONTINUE f >> k 

^ ^ PRfNt 75, SUMX / V , . ' 

* ^5 FORMAT (//1H0,T15.5,19H = TOTAL WORKFORCE* J * ; ' 

r*" .RETURN ' * ^ 



where 



But , . \, 

*ij * £ £ w ij(mn;pq) ' 1 
m,n p,q J r ? 

/ 

5 - 1 W iD(m ? ;pq) 1 uj, 
1 / D 

Since the u's and z's are integers, this implies that 
the w's will be integers. Thus this. seconti linear pro- 
gramming problem (using the rounded integer-valued x's) 
% will possess a completely integer-valued optimal solu- 
tion, and this "solution is used as the solution for the * 
model. , - j „ 

In solving an integer linear programming problem, 
it is known that merely round|ing-of f noninteger vari-. 
ables in the s61ution to the "cor responding " linear prcA 
.•gramming problem can result in an infeasible solution 
0 for the integer problem, 1 or a feasible solution which 
. is far from the optimal integer-valued solution .(."far" 
as measured by the Value of ipe objective function). 
For a simple graphical illustration of this, see pages 
.687-698 in the book by Hillier ajid Lieberman (see 
References), tfowever,, we are not taking these risks in 
our procedure. By rounding the noninteger x*s and N sv 
that the constraint 
.' * « 

J. x kj * . , - ) . 

. « . . \\ 

is preserved, we are sure that any resulting optimal 
solution to the second linear programming problem is » 
. * both feasible for' the original "problem, and also opti- 

mal for. the original problem given these integer x- * 
« values. * r - 

* Also/^from the (noninteger--valued) solution to the 

* first prfbblem, we have the global minimum total' labor$ 1 " 
\ cost for comparison with the minimum total labor cost 

• from the second^ (integer-valued) solution. In all test 
cases that have been run, the increase in total labor 
cost between the' global optimal solution rand the inte*- 

— ' ^gei^altted-sojt ution has -been ^nomi nal Fo r exampl <r, the *~ 
increase in 'total labor cost beJtween thre global optimal 
solution and the integer-valued solution for the data 
in Section-, 4.2 was only 2.25^times tine cost of a' stan- ^ 
dard-rate eigivt-hour period, i.e., 2,2S x $24 *m$ S4 , if 
prison guards' were ^paid $3 per^hour as stan dard-rate. 
In other words, since we do not know that the 
■^rounded integer-valued x's'used in the second Tinear 
« ; programming problem are optimal integer vaiues for the 

■ . " # '■ \ '■ 

■lERJC ,'VV; 27 . 
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original problem, we cannot be sure that we have the 
optimal integer-valued solution to the original prob- 
lem. But we do know that we have a very good integer- 
valued solution, since it is almost as good (measured 
by the objective function)^ as the global optimal solu- 
tion (the optimal solution to the first problem). In 
solving real-world problems, this is often the best 
that can be done. 



Exerd$e 3.6 Rounding Jihe x's 

(Forifctudents who know FORTRAN): Given the following* twenty- one 
x-values» whose sum is N = 137, round them to all integer values 
by following the' FORTRAN program in Table 5. Verify that the sum 
of the rounded integer x f s is still 137. * 



Hi 


= 17.2 


x 12 




9.4 


, x 13 


= 3.0 




x 21 


= 8.2 


x 22 




6.4 


x 23 


= 2.8 




x 31 


= 10.2 


x 32 




8.4 , 


x 33 


= 0.0 




x 41 


= 3.2 


, x 42 




6.4 


x 43 


= *3.8 . 




x 51 


= ■ 6.j2 


x 52 




9.4 


x 53 


= 6.4 




x 61 


= 9.2 


x 62 




7 ; .4 


x 63 


= 3.0, 




x 71 


= 4.2 


x 72 




8.4 


x 73 


= 3.8 





COMPARISO N OF RESULTS FROM TftE MODEL WITH PAST DATA 

FROM TWO frRTSONS 

U, Prisda H „ ■ 

Data provided by prison H ftfr^the week ending 
September 23, 1973 are shown in Table 1. For each 
eight-hour work period, eight numbers a^e shown. 
Recall from Section 1.2 that the first, second, and 
third numbers not in parentheses are the numbers of 
prison' guards reported as having been assigned t:o that 
period at standard rate, s one-and-a-half-rate overtime, 
and. double-rate overtime, respectively. The 'fourth 
number not in parentheses for each eight-hour period is 
the s/um of the first three, and was used in/ the model 
as th"e work-force requirement^ (R i j) Tor that period" 
(e.g., R 31 = 49) J 

* For this test of the model, it was decided to use 
the total work force N fixed at a value representative 
of the total work force actually available at Prison H 
during that week, i.e., to modify the basic model as 
discussed in Section 2.3. This modification merely 
requires that the -variable N in the total work-force*, 
constraint {11 x k j = N) be Veplaced by the desired 

24 . \. ; 



numerical ?alue, and the objective function be modified 
to include overtime cost only, i.e» , z = 2l(l - .5y i j + 
2z ig) ' since the cost of standard-rate work is fixed 
when N is fixed. Onf ortunate^y, the value of N could 
not be provide^ by the pr-ison management. Under the 
assumption that the standard-rate v work assignments 
reported in the data represent each guard working a 
forty-*hour work schedule as described in assumption (3) 
of Section 2.1, it is possible to solve for the number 
of guards assigned ^to each of the twenty-one forty-hour 
work schedules, i.e., to solve for the twenty-one x's. 

For. example, using the data from Morning Shift in 
Table 1 and the standard-rate assignments (the x's) 
indicated in Table 3, *we can write - s 



Monday : 

Tuesday: 

Wednesday: 

Thursday: 

Friday: 

Saturday: 

Sunday: 



*11 
*11 
*11* 
*11 

hi 



+ X 



x 21 
X 2I 
x 21 
x 21 
x 21 



x 31 
x 31 
x 31 
x 31 
: 31 



41 



x 41 
x 41 

x 4i 
x 41 



x sr 

x 51 



x 51 
x 51 
x 51 



x 61 + 
X 61\ + 
x 61 + 



x 71 
x 71 
x 71 
x 71 



X S1 
x 61 



+ x 



71 



40 
44 
44 
42 
44 
36 
33 



These seven equations can then^be solved for the seven 
x's. This same procedure can be used for Afternoon 
shift and Night^sffif t. Then %he sum of these twenty- 
one x's should give the total work force N* (under as- ' 
sumption (3) of Section 2.1). 

Note that the coefficient matrix o£~the above 
equations i*s » * 4 



-2 
-2 

3 
-2 

3 
-2 

3 







0 


0 . 


1 


- 1 


1 








0 


r o' 


t 1 


1 










0 


0 


1 










1 


0 


0 










1 


1 


0 




0 






1 


1 


1 




0 


. 0 




1 


*1 


. 1 


whose 


inverse 


is 










" 3 


-2' 


~ 3 ~ 


-2 


. 1 

3 


-2 




-2 


>' 3 


-2 


3 


-2 


3 




-2 


-2 


3 


-2 


3 


-2 


1 


* 3 


-2 


/ -2 


3 


-2 


3 




-2 


3 


-2 


-2 


3 


-2 




3 


-2 


3. 


-2 


— 2 ^ 


3 




-2 


3- 


-2 -* 


3 


-2 


-2 
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and these two matrices will also apply for the 
Afternoon shift anch Night shift data. 

However, when this»was done-for the. Prison H data 
in Table 1, fourteen of those twenty-one numbers (the 
x's for Morning and Night shifts) were fractional 
(e.g., x n = 14 4/5), indicating that the data are not 
consistent with assumption (3); indeed, it is now known 
that the two state prisons discussed here (Prisons H 
and G) were not then scheduling guards according to 
assumption (3) \ However, even if assumption (3) had 
been in effect, absenteeism could still result in some 
such inconsistencies. It was then necessary to esti- 
mate the total >ork force by some method. This was 
done by summing the twenty-one numbers (including their 
fractional parts) as found from the above, procedure, 
and then rounding this noninteger sum to the next larg- 
est integer, which gave an estimated total work force 
of'N = 13^. . i 

Since .each ^prisorr guard is assumed to wbrk one 
eight-hour period per day for five consecutive days at 
standard rate, this same estimate can be obtained by s 
dividing the sum of the twenty-one standard-rate work 
assignments (as* reported by Prison H) by f ive, *and then 
rounding this noninteger quotient to the next largest 
integer. For example, add the previously-given equa- 
tions for the Morning shift x's, repeat for the ether 
two shifts, and add* all three of 'these results; on ttte 
left you have 5 times the sum of -the 21 x's and on the 
right 'you have the numerical sum -of the twenty-one 
standard-*rate work assignment's from the data. However, 
this method does not explicitly reveal the degree to 
wjiich the data are inconsistent with assumption (3)^. 
To illustrate this method using the dat£ from Table 1, 
we have ( 40 + 44 +^ 44 + 42 + ... -K 17 +16 +16 + 17) /5 
= 136.2 so take N = 137, as above^ 

Usinq this total work force and the work-force re- 
quirements indicated in Table 1\, "the model was applied 
to find a set of "optimal" work-force assignments that 
woulfi Satisfy these .requirements at "minimum" overtime 
co st (which is eq u i v a 1 e nt t o^ m i n imi z j. ng_ _to t al . 1 a b o r 
cost , o because here the total workforce was taken as 
fixed'at 137) f . * 

m For each eight-hour work period in Table-1, the 
model results for standard-rate> one-and-a-half-rate 
overtime, and"dbuble-rate overtime assignments are 
shown -as the first, second, and third numbers in pa-., 
rentheses, respectively.^ The fouxth number in paren- 
theses* is tfie total of the first three, and must equal 
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or exceed the- fourth number not in parentheses <R-.)r 
for the work-force requirement to be met during 'that 
eight-hour perio'd. Of course, the model guarantees * 
that this will always occur. 

The week ending September 23, 1973 was chosen for 
study at Prison. & because' the data for this week indi- 
cated more double-rate overtime than any other week at 
Prison H during the period for which data were reported 
x (frori^the week ending July 1, 1973 to the week ending 
December 2, 1973). Assuming that prison guards are 
paid $3 per hour as standard rate, the total overtime 0 
cost indicated by the data in Table 1 is $564, as found 
in Section 1.2. The total overtime cost that would* 
have resulted from the model solution (based On a total 
work force of 137) is , 

• '(1.5) (1+5+1+3) ($24) = $360 

for a\avings of $204 during this week at Prison H. If 
prison- guards w£re paid more than $3 per hour as stan- 
dard rate, the savings would be proportionately larger. 
The 1 computer cost to obtain- this^solution was about 
$23, but with a more sophisticated computer implementa- 
tion of the model (which was used with the Prison^ G 
data described iii Section 4.2), this computing cost 
probably would. have* been less than $11. 



Eafircigg 4.1 Solving for the "Optimal" Stand ard-Rate Assignments 

(a) Using the given inverse matrix, verify that the data in Table 
1 yield x n = 14 4/5. 

(b) Exercise 3.6 gave the noninte.ger global optimal x's resulting 
from N = 137 and the Rij's indicated in 'Table 1. In Exercise 
3.6 you rounded these x's to all' integer values. Now verify 
that these integer x's result in the "optimal" standard-rate 
work assignments shown in Table 1 (the first number in paren- 
theses in each eight-hour period) . * 



1^2 Prison G \ 

- "Data provided by Prison G for the week ending 
September 30, 1973 are shown in Table 2. The arrange- 
ment of- the data^ is similar to&that in Table 1. An 
attempt to' determine the total work force N from the 
standard-rate work assignments shown in Table 2 using 
the method described in Section 4.1 showed these data 
to be wildly inconsistent with assumption (3) of Sec- 
tion 2;4. Not only were ^seven of the twenty-one num- 
bers (tjie\x's, representing forty-hour work-schedule 
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assignments)* Fractional^ but four of them were nega- 
tive. So/ for tfiis set^ of data it was decided to have 
the model determine the "optimal" si£e of the work 
force N as, well as the "optimal" assignments to satisfy 
the work-force requirements in Table 2, at "minimum" - 
total labor cost. Jhis is the .basic model with no 
modifications. 

The "optimal-sized" work force N for "minimum" to- 
tal labof cost was found to be 349; the "optimal" as- 
signments are shown.in parentheses in Table 2 ias was 
done in Table 1 ) . \ ' 

In order to compare the apparent actual total 
labor cost for this week at Prison G with the cost* 
resulting from the model solution/ it was again neces- 
sary to estimate the actual total work force by some 
method. As in Section 4.1, the method used was to 
algebraically sum the twenty-one numbers (x's) repre- 
senting the fortyrhour work-schedule # assignments (in- 
cluding their fractional parts and* taking account of 
the negative values) , and then round this sum to the 
next largest integer, which gave an Estimated total" 
worK force of 23 8. 

Again assuming that prison guards are paid $3 per 
hour as standard rate, the total labor cost indicated 
by the data reported by Prison G for this week is 

(6^(238) ($24) + (1.5M542) ($24) + (2) (92) ($24) = $58,200 

(based on th^fetimated total work force of 238) . The 
total labor ;<cost that would have resulted from the 
mod£l solution is 

(6) (349) ($24) + '(1.5) (112) ($24) =$54,288 

totf a pavings of $3,912 during this week at Prison G. 
The| computing cost to obtain this solution was less 
than $10. Thus, a substantial savings in total labor 
cost could be obtained by increasing the work force and 
reducing the amount of overtime work in an "optimal" * 
manner*** ; ' * 

4^3 Comments on the Model Results , _ 

i ' 
♦For the two tests of the model described here, the 

♦model was implemented on the Pennsylvania 1 State 
University's I*BM 370/168 running unde'r OS and using the 
Mathematical Programmipg System/360 Version 2; Linear 
Programming. Gomputing expenses were nominal, as re- 
ported in Section^ 4 .1^ and 4^2. 

Overstaffed periods, as discussed in Sectidn 2.5, 
occur in the 'two examples just presented aa^follows: 

' V" 
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(A) * At Prison H - Thursday Afternoon. 

(B) At Prison G - Monday Morning, Friday Morning, 
Friday Afternoon, and Sunday Night.. • 

. It should be noted that some of ' these overstaffed peri- 
ods result from the rounding procedure used to obtain 
an integer-valued solution, while others (notably 
Friday Afternoon and Sunday Night at Prison G) occur 
because of the block effiect in the standard-rate work 
assignments as- discussed in Section 2.5. That is,' the 
.overstaff ing for Friday After noot^and .Sunday Night at 
Prison G occurs in the noninteger-valued global optimal 
solution as well as in\the "optimal" integer-valued 
solution given in Table 2. * • • 

The model solutions given i*h Tables 1 and 2 indi- 
cate no double-rate overtime assicjriments. t However,, 
this_ need not always occur. .For example, if the case 
diacussed in Section 4 .2'. is. repeated, but with a 
Tuesday Afternoon, work-force ^requirement of 46 instead 
of 146, then the "optimal" total work force is N = 304, 
and double-rate overtime assignments will occur for 
Wednesday Night and Thursday Morning. f 

When evaluating the cost savings indicated in 
these two examples, it, must be remembered that the data 
provided by the two prisons' most likely do not corre- 
spond^ to the estimated total work forces used here for 
comparison purposes (13^7 at -Prison H and 238 at Prison 
•G) , definitely do" not correspond to assumption (3) of 
Section 2.1, and may hot correspond* to assumption (5) 
♦ either. Nevertheless, in each example the model -jlas" 
provided a clear .reduction in the. number and cost of 
overtime assignments *while at least meeting the same 
tc\tal work-force requirements for each eight-hour peri- 
od of the week. 



EXCrClgft 4.1 Pytial Ove rtime Periods % % < * 

In some situations, such as manufacturing plants,' it is customary 
( to have employees work overtime for partial periods (i.e., less 
_ than eight hours) until the unfinished work is completed. Fot the- 
.present model, assumption (A) of Section 2.1 stated that each 

overtime assignment is to be for one (full) eight-hour period. 

For- this model, do you think there would be £ny advantage, in 

terms of total labor cost, in permitting prison guards to work 
^partial overtime^periods? Explain. 
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5. CONCLUDING REMARKS 

» « ♦ 

The ^results discussed *n Chapter 4 indicated that 

considerable savings could be achieved through the use 
of this model. In some cases large savings would re- 
sult from increasing the size of tire total work force 
from its present 'value to a larger "optimal" value, 
since the resulting reduction in overtime cost would 
more than offset the ih^creased costs of standard-rate 
work and fringe benefits for the additional employees; 
administrators who ar*e* laughing under externally- 
imposed hiring "freezes" may be familiar with this 
situation. 

The model/ of course, is applicable to any work- 
scheduliag situation satisfying the assumptions or 
their modifications described in Section 2. For 
example, work-scheduling situations involving medical ♦ 
personnel/ police forces, f ire-~f ighting crews, and 
other emergency personnel may exhibit characteristics 
similar to the present case; such as the need for 
round-the-clock staffing and the meeting"of pre-speci- 
fied minimum work-force requirements which repeat in a 
cyclic pattern. 

This model, along with some others*, is briefly 
discussed in the article "Applications of Operations. 
Research Methods to Correctional Problems" by Sitansu 
S. MittraN criminal Justice and Behavior . Vol. 2, Nq, 
2, June 1 975, pp. '169-179) . 

The author presented a paper discussing .this model 
at the 1977 North Central Section/MAA Summer Seminar on 
Model Building, at Bemidji State University, Bemidji, 
Minnesota, June 20-24, 1977. That paper, and all 
others presented there, appear in the transactions of 
the seminar. * m 
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consider t/fie following "small-scale" version of 
-tbe prison" guard scheduling problem (and compare the 
following ten assumptions with those in Section 2.1); 

Al) tech twenty-four hour day is divided into two 
;* ^'twel^/e-hotrf shifts: Morning and Evening (see 
Jkf?le 6) . j 
'". ■ » * 

(2) Wdrk'-force requirements are known for each twelye- 
hour period of each day in a repeating f.our-day 
cycle." 

Since we are concerned here with a fotfr-day "week" 
instead of the usual seven-day week, we will not 
use the usual-yiames tor 'the days of the week. 
Instead of Monday, Tuesday, etc., foe will name the 
days in our four-day "week" Oneday, Twosday, 
Threesday, Foursday, and abbreviate these names as 
0, T, Thr F, respectively (see Table . 

These* known work-force requirements do not change 
from "week"- to "week.". Also, the total number of. 
prison guards available for work"is cotasta'rit. 

• X - \ * * ■ 

f3) As a 'standard "weekly" tour of duty, each prison 
guard is assigned to^a twenty-f our-hoar standard- 
rate work schedule consisting of one twelve-hour 
period per day for tpo consecutive" day^, staying 
on the same shift for both days; he/she then has * 
two consecutive days off before beginning this * 
same pattern again. These standard-ratej|*ork 

-< schedules repeat "week" after "week." 

♦ * 

(4) Work-force requirements not met by theSe standard- 
rate work-schedules are filled by overtime' assign r 
ments; : each overtime assignment, is for one twelve- 
hour^ period . , * 

,(5) A prison 'guard is not eligible for overtime work - 
on any of fhe three periods which occuf during 
hi s/Jie t- jsit a nda rjd .t w e n ty^ £ ou r--* hou-r - wo r k- s w e e k -r— - 

.(6) A prison^guard is eligible for overtime work on- 

any } of the five periods which occur during his/her 
two days off. 

* f 

(7) 'However, no prison guar*d may work more -tfian* two \ 
overtime periods during his/her two days off. * 

(8) A prison guard may work more two or even three* * 

^ consecutive twelve-hour periods, depending orf whab f 



. ~ ; TABLE 6 
A *Small-^caie" Scheduling Problem 



Day 


i * i — : ■ 1 

Shift 


Morning (a.m.) 
12 midnight - 1 2 noon 


Evening (p.m.) , 
1*2 noon - 12 midnight 


Oneday 

\ , 


\ 






• 




Threesday 




\ 


Foursday 

c 


* ' 


- 
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combination of standard and overtime shifts he/she 
- is assigned. v 

(9) All prison guards are assumed to be paid at the* 
same (unspecified) standard rate for a twelve-hour 

period. N 

t * 

' (10) If a prison guard does overtime work during his/ 
her two days off, then for the ii/st overtime 
periods during the two, days off he/she is paid 
one-and-a-half (1.5) times his/her standard rate 
of pay. If he/she works a second overtime period 
during ^the same, two days off, then for this second 
overtime period he/she is paid two (2) times his/ 
her standard rate of pay. 

The four possible* two-day work schedules are indi- 
cated below, with a corresponding, value for an index k 
(compare with Section 3.2): 

Work Schedule ^ k 

0 T & 1 

T Th 2 

Th F 3 

0 F 4 

A notation similar to that defined in Section 3.2 
should be used for the following exercises. 

1. Complete Table 6 for the ^present "small-scale" 
prison guar*d scheduling problem, in a manner simi- } 
lar to Table 3 . 

2. Assuming that fringe benefits are equal ts 25% of a 

prison guard's standard-rate pay', and .are a cost in 

addition to his/her standard-rate pay, write out 

the objective*" function. 
. • ^< 

3\ Write out in full ttfe following constraints for 
this model : 

** * 

ZZX kj = N ■ Zu ??;?r ^ x ll 

£X Rj + y ?? + Z ?? 1 R n ' z n = 

v ai = Zu ??;?? V zw ??(??;??) * u ll;22 

4* In the constraints of Exercise 3, underline the 
\ entries (as infection 3.4) to satisfy the fol- 
lowing : 
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If prison guards are permitte<3\to work three 
consecutive periods, retain all entries. If guards, 
are permitted to work two, but not three, consecu- 
tive periods, then delete" all triply underlined 
entries. If guards are required to have at least 
one rest period between work periods, then delete 
all triply and doubly-underlined entries. Finally, 
if guards are required to have at least two rest 
periods between any standard-rate work perioc^sfend 
any overtime period, delete all underlined entries 
(how does this last requirement affect the model?). 

Construct a tabular summary of the model similar to 
Table 4, assuming tfyat guards. are permitted to,work 
thre^ consecutive periods. • ~v 
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